We develop a model to explain flares observed at a frequency of 111 MHz in the radiation of pulsar J0643+80. We consider non-linear processes in the electron-positron plasma of the pulsar magnetosphere and show that these interactions can cause self-trapping of radio emission in narrow bands of frequencies. This mechanism can explain the origin of the observed flares without any additional sources of radio emission. The proposed scenario naturally explains why strong enhancement of the radio emission does not affect radiation in other frequency bands.
I N T RO D U C T I O N
In 2006, 11 objects were found that are characterized by single, dispersed bursts having durations between 2 and 30 ms (McLoughlim et al. 2006) . The average time intervals between bursts range from 4 min to 3 h with radio emission typically detectable for less than 1 s per day. An analysis of the burst arrival times from these sources showed periodicity in the range 0.4-7 s, suggesting their origin in rotating neutron stars. These sources are called rotating radio transients. Recently, random bursts were found in the emission of pulsar J0643+80 at a frequency of 111 MHz (Malofeev et al. 2016) . This pulsar has a three-component pulse profile. Unlike the rotating radio transients, the bursts of the pulsar J0643+80 were detected on only 2 d out of 400 d of observations. Similar bright radio bursts have been found in the radio emission of pulsar J0656+14 (Weltevrede et al. 2006 ) and the radio-quiet gamma-ray pulsar Geminga (Maan 2015) .
Strong random flares have been detected in the gamma emission of the Crab nebula. The brightest flares were detected by AGILE and Fermi-LAT on 2011 April 12 and 16 (Striani et al. 2011; Buehler et al. 2012) . The remarkably powerful bursts were also detected by Aliu et al. (2014) . It was suggested by Machabeli, Rogava & Shapakidze (2015) that self-trapping -a well-known phenomenon in non-linear optics (Askaryan 1962; Chiao, Garmire & Townes 1964; Akhmanov, Sukhorukov & Khokhlov 1968 ) -could be responsible for the observed bursts. As we show below, the conditions for effective self-trapping of radiation along with the frequency of radiation strongly depend on other parameters, such as the amplitude of the electromagnetic wave and the plasma density. This, in principle, makes it possible that the effect can be effective in different radiation frequency bands. In the presented paper, we E-mail: grigol_gogoberidze@iliauni.edu.ge show that a similar mechanism could be responsible for generation of the bursts in the radio emission of the pulsar J0656+14.
The paper is organized as follows. In Section 2, we give an overview of the generation mechanism of radio waves in the pulsar magnetosphere. The generation of electrostatic waves is studied in Section 3. An analysis of self-trapping of radiation is presented in Section 4 and conclusions are given in Section 5.
G E N E R AT I O N O F R A D I O WAV E S
There are several possible mechanisms of radio wave generation in a pulsar magnetosphere (for a recent review see e.g. Eilek & Hankins 2016) , which include curvature radiation (Ruderman & Sutherland 1975) , cyclotron radiation (Lyutikov, Blandford & Machabeli 1999 ) and radiation related to Cherenkov resonance (e.g. Gedalin, Gruman & Melrose 2002 ). As we show below, selftrapping can operate effectively regardless of the radio wave generation mechanism. Here, we briefly overview one of the possible mechanisms of radio wave generation related to the development of cyclotron instability.
The particle distribution function of the electron-positron plasma in a pulsar magnetosphere describes the plasma moving from the surface of the star to the light cylinder (a hypothetical surface where the rotational speed of the magnetic field lines becomes equal to the speed of light) and consists of three components (Goldreich & Julian 1969; Sturrock 1971; Tademaru 1973 ):
(i) The primary beam of electrons with Goldreich-Julian density n b = n GJ = 7 × 10 −2 B /P ≈ 10 11 cm −3 , where B is the magnetic field on the surface of the pulsar and P is the spin period. The typical Lorentz factor of the primary beam is γ b ∼ 10 6 . (ii) The bulk pair plasma with density n p ≈ γ b n b /γ p ∼ 10 18 cm −3 , where γ p ∼ 10 2 is the Lorentz factor of the bulk pair plasma.
(iii) The so-called tail particles (Tademaru 1973) with n t ∼ 10 13 -10 15 cm −3 and typical Lorentz factor γ t ∼ 10 3 -10 5 .
The entire particle distribution function is one dimensional. This kind of distribution function is unstable with respect to the cyclotron instability (Lominadze, Machabeli & Mikhailovskii 1979a; Machabeli & Usov 1979; Kazbegi, Machabeli & Melikidze 1991; Lyutikov et al. 1999) when the condition for the anomalous Doppler resonance is fulfilled:
Here ω and k are the wave frequency and wavenumber, respectively. v B and γ res are the velocity and Lorentz factor of the resonant particles. ω B = eB/mc is the cyclotron frequency, B is the magnetic field, c is the speed of light, e and m are the elementary charge and electron mass, respectively. Because the magnetic field of a pulsar is dipolar, the magnetic field strength in the magnetosphere depends on the distance from the neutron star R as B = B (R /R) 3 , where R is the radius of the neutron star.
From the resonant condition (1), it follows that the wave vectors of the generated waves fill a conical segment, which corresponds to the so-called core emission (Rankin 1983 ). The same is true for other mechanisms of radio wave generation in a pulsar magnetosphere (Ruderman & Sutherland 1975; Gedalin et al. 2002) . The existence of waves propagating in slightly different directions is a necessary condition for the model developed in the presented paper
The generated waves propagate along the magnetic field lines. Consequently, an observer receives a radio signal when the line of sight is along a magnetic field line. In the further analysis, it is important to keep in mind that radio waves are also generated along field lines that are not parallel to the line of sight. Machabeli & Rogava (1994) showed that when the radial velocity of a rotating particle moving along a magnetic field line that is perpendicular to the axis of rotation exceeds the critical value v 0 > c/ √ 2, then the centrifugal force changes its sign and the radial motion of the particle decelerates. As a result, the particle starts to oscillate around the point of equilibrium. As shown by Machabeli, Osmanov & Mahajan (2005) , the periodic change of the particle radial velocity can generate Langmuir waves through the parametric instability. The mathematical formalism used to study this phenomenon is like that developed by Silin (1973) for the parametric excitation of Langmuir waves by high-intensity electromagnetic waves.
PA R A M E T R I C E X C I TAT I O N O F L A N G M U I R WAV E S I N T H E P U L S A R M AG N E TO S P H E R E
In the inertial frame of reference, the equation of particle motion has the form
where E is the electric field, p is the momentum and i = e − , e + denotes species of particles -electrons and positrons. In the limit of weak non-linearity, we can consider physical variables as a sum of regular and fluctuation components:
For the radial component of unperturbed velocity, equation (2) can be written in the following form
In the strongly relativistic case, equation (2) yields the following solution for the particle radial velocity:
where is the initial phase. Using Poisson and continuity equations and performing a Fourier transform for the perturbed variables, one can derive the following closed equation (Mahajan et al. 2013) :
Here
. n p is the density perturbation of the bulk particles, a = kc/ , J s (a) is the ordinary Bessel function of the first kind and ω 2 p = 4πe 2 n p /m is the bulk plasma frequency. Subscripts p and b correspond to the bulk and beam particles, respectively.
Averaging equation (5) with respect to the phases, we see that the only remaining non-zero terms on the right-hand side of the equation are ones with l = s and φ p = φ b (physically, the latter condition means that at the initial moment of time, the particles are located at the same distance from the neutron star). Finally, for the dispersion relation, we obtain
Taking ω = ω 0 + where
we see that the resonant condition can be fulfilled for high harmonics s 0 = ω 0 / 1. Then the imaginary part of equation (5) gives a cubic equation with respect to , which represents the growth rate of the instability. Solving this equation yields
where both the argument and the index of the Bessel function are fixed: s 0 = ω 0 / and a = kc/ 1. To determine the most unstable Langmuir waves, we need to recall the main characteristics of electrostatic perturbations in a pair plasma.
The dispersion of electrostatic waves in an electron-positron plasma is described by
Here, the summation is by particle species and f is the plasma particle distribution function. Silin (1973) was the first to obtain the dispersion curve for the one-dimensional case, while Lominadze, Mikhailovsky & Sagdeev (1979b) studied the three-dimensional case.
At relativistic velocities, collisions between particles are negligible. This means that the only effective mechanism of interaction between waves and particles is the Landau damping, which takes place at v ph < v, where v ph is the phase velocity of the wave. To determine the wavelength of waves that can effectively interact with plasma particles, we must find the values of the wavenumber k c where the phase velocity becomes equal to the speed of light ω = k c c.
Under the standard assumption that in the bulk plasma electrons and positrons have the same Lorentz factor (Lominadze et al. 1979b; Machabeli & Usov 1979; Arons & Bernard 1986; Lyutikov et al. 1999) , it is straightforward to solve equation (8) for two extreme cases: when ω kv and ω ≈ kv. The first case describes the so-called super-luminal Langmuir waves (with phase velocities greater than the speed of light). In this limiting case, the solution of equation (8) is
In the second case ω ≈ kv, we substitute ω ≈ kc and v = c 1 − 1/γ 2 in the denominator of equation (8) and expand 1 − 1/γ 2 with respect to the small parameter 1/γ 2 . Thus, equation (8) yields the expression for k c where the dispersion curve intersects the ω = kc line:
and the dispersion relation simplifies to the following expression
where α is a small dimensionless parameter (Lominadze et al. 1979a ). The increment given by equation (8) depends on the numerical value of the index and the argument of the Bessel function. The argument is much greater than unity, a = kc/ 1, and therefore, the maximum of the Bessel function appears at s 0 = a, i.e. when the index of the function and its argument are equal to each other (Abramovitz & Stegan 1964) . Consequently, very high-order harmonics, s 0 1, participate at ω 0 = kc in the wave-particle parametric interaction. From equations (8) and (12), it is clear that ω 0 < k c c, and, therefore, the increment has its maximum value in the super-luminal region, where the phase velocity ω 0 /k > ω 0 /k c ≈ c. Moreover, as no super-luminal particles are generated, waves cannot be damped by Landau damping and the generated Langmuir waves can interact with the plasma particles through non-linear processes, which is inefficient (Machabeli et al. 2015) .
S E L F -T R A P P I N G O F R A D I O WAV E S
For Langmuir waves, the Debye radius r D is a charge separation length-scale that determines the typical length-scale of charge separation during one period of plasma oscillations. In a relativistic electron-positron plasma, this implies r D ∼ c/ω 0 . Taking into account equation (6), this yields (Lominadze et al. 1979b) :
Note that this expression ignores the electrical screening related to the beam and tail particles. For the parameters of the pulsar J0643+80 presented in the beginning of Chapter 2, this equation yields r D ≈ 10 5 cm. The average distance between plasma particles is r av ≈ n −1/3 p ≈ 10 −6 cm. Consequently, the typical number of particles in the Debye sphere can be estimated as N D ∼ (r D /r av ) 3 ∼ 10 33 . Relativistic particles quickly escape the pulsar magnetosphere but they are replaced by identical particles and, therefore, the Langmuir waves remain unchanged. The Langmuir waves are generated along the magnetic field lines and their electric field is parallel to the magnetic field. Thus, charge separation takes place along the field lines, which allows us to use the dipole approximation. The pair plasma is penetrated by radio waves with a wavelength much smaller than the wavelength of the Langmuir waves. The electric field of the radio waves is smaller than the electric field perturbation of the Langmuir waves, but they cannot be ignored entirely. The wavelength of the radio waves propagating through the pair plasma cannot be smaller than the Debye radius due to the plasma screening effect (Artsimovich & Sagdeev 1979) , which polarizes the media. The effects related to this phenomenon can be considered through a simplified model like that developed by Zeiger, Klimontovich & Landa (1974) : a pair plasma in the Debye sphere can be modelled as a complex of electric dipoles oriented along the magnetic field lines.
For the polarization vector, we have
The electric field of the radio waves E(t) displaces plasma particles. In turn, this displacement generates an elastic returning force (Zeiger et al. 1974) :
Here η is the elasticity coefficient, the second term on the right-hand side of equation (15) is the non-linear term and q is a coefficient describing the intensity of the non-linearity. The displacement of the electrons r(t) can be determined from the equation of motion:
Here the second term on the left-hand side describes the damping and is the damping rate. Taking into account equation (14) and η = mγ ω 2 0 , equation (16) can be rewritten as
In the case under consideration, for the frequency of super-luminal Langmuir waves, we have ω 0 = ω p /γ 3/2 . The radio wave electric field E is strong enough that non-linear effects cannot be entirely ignored, but it is still small compared to the electric field of the electrostatic oscillations. This allows us to use perturbation theory to solve equation (17).
Splitting the polarization vector as a sum of linear and non-linear parts P = P L + P NL where P L P NL , in the linear approximation we obtain
Using for the electric field of the radio wave E = Acos (ωt + ), the solution of equation (18) is
where tan = ω/(ω 2 − ω 2 0 ). The Langmuir frequency ω 0 is much less compared to the frequency of the radio wave ω 0 ω. Consequently, ≈ 0 and one can ignore the damping effects as well. The polarization vector P is related to the electric field via the polarizability of the medium μ, as P(t) = μ(ω)E(t), and according to equation (19) for the linear part, we have
The equation for the non-linear component is
Using the identity cos 3 (ωt) = 3/4cos (ωt) + 1/4cos (3ωt) to rewrite E 3 in this equation, we obtain two terms corresponding to the contributions of the first and third harmonics. Consequently, for the non-linear polarizability μ(ω, A), we have
The dielectric permittivity tensor ε ij (ω, E) is related to the polarizability by the equation ε ij (ω, E) = δ ij + 4πμ ij (ω, A), and taking into account equation (22), the Maxwell equation gives
Therefore, non-linearity caused the change of the dielectric permittivity or, equivalently, the change of the refraction coefficient H of
Consequently, if H 2 > 0, the non-linear effects increase the refraction coefficient. This means that when the rays leave the non-linear medium and enter the space with the refraction index H L , they undergo non-linear refraction. If a ray falls on the boundary between non-linear and linear media with a relatively small incident angle θ, then the ray can undergo complete internal reflection, which is self-trapping. The maximum incident angle for complete internal reflection at the boundary is determined as cos
If all the rays are propagating within the cone with opening angle θ < θ 0 , then all diffracted rays undergo complete internal reflection, the rays are combined to form a parallel beam and the observer witnesses an increase of the radiation intensity.
The radio waves generated and propagating in the pulsar magnetosphere do not form a parallel beam. Instead, wave vectors of the generated waves fill some conical segment. This is caused by several reasons: all existing generation mechanisms of pulsar radio emission, namely, curvature radiation (Ruderman & Sutherland 1975) , cyclotron radiation (Lyutikov et al. 1999) and radiation related to the Cherenkov resonance (Gedalin et al. 2002) , imply that the radio waves are generated within some small angle with respect to the magnetic field lines, with maximal intensity along the field line. Secondly, magnetic field lines in the generation area are not exactly parallel to each other and, therefore, the same is true for the generated radio waves. Thirdly, the generated beam has a finite cross-section and, therefore, should diverge due to linear diffraction, i.e. diffuse in the direction perpendicular to the direction of the propagation and as a result, these waves should be propagating within the cone with an opening angle 2θ D where (Sivukhin 1980) 
Here λ is the wavelength of the radio wave and D is the characteristic perpendicular length-scale of the beam. We propose that the observed random bursts in the radio emission of pulsar J0643+80 are caused by self-trapping. If the maximum intensity of the radio emission coincides with the direction of the line of sight, then the intensity of the electromagnetic waves in the corresponding part of the generation area also has a maximal value and, therefore, is optically thicker compared to the other parts of the generation area. Consequently, the non-linear refraction concentrates the radiation energy in the direction corresponding to the line of sight and the observer will receive the signal with strongly increased intensity.
Note that self-trapping is characterized by an avalanche-like feature: even a small increase of the radiation intensity in a certain direction concentrates the rays in this direction and, as a result, causes an additional increase of the radiation intensity, which in turn increases the non-linear refraction and so on (Akhmanov et al. 1968) .
Substituting equation (20) into equation (25), we see that θ 0 ∼ ω −4 . This equation shows that the condition for efficient self-trapping can be fulfilled only for a narrow band of frequencies. Therefore, our model predicts that if intensive bursts are observed at some frequency, say 111 MHz, then they should not be observed for significantly different frequencies. Obviously, this does not imply that at some other part of the generation area with different optical features, self-trapping cannot take place for some other frequency, but the probability that the direction of this radiation will coincide with the line of sight is negligible.
From equation (25), it follows that the intensity of self-trapping strongly depends on the amplitude of the radio wave. Therefore, we can suppose that for young pulsars (e.g. for the pulsar in the Crab nebula) with intense radio emission, observations of the bursts are more probable compared to old pulsars.
C O N C L U S I O N S
In the presented paper, we developed a model to explain random bursts recently observed in the radio emission of pulsar J0643+80 at a frequency of 111 MHz (Malofeev et al. 2016 ). In particular, we suggest that the bursts are caused by self-trapping. Rays propagating through the non-linear medium undergo self-trapping and, as a result, an observer receives the signal with increased intensity. It should be noted that our mechanism does not require any extra sources of energy. In particular, our model implies the following scenario:
(i) An instability caused by anisotropy of the particle distribution function generates radio waves.
(ii) A reversal of the centrifugal force for relativistic particles causes a parametric excitation of the Langmuir waves. This process is most efficient for electrostatic waves with phase velocities greater than the speed of light and, therefore, these waves are not damped.
(iii) The radio waves propagating through the plasma filled with the Langmuir waves undergo self-trapping. As a result, electromagnetic waves that are not propagating along the line of sight are focused in a narrow beam directed towards the observer. This effect can cause a strong enhancement of the intensity of the observed signal.
Our analysis showed that self-trapping strongly depends on the frequency and amplitude of the radio wave. This leads to the two specific features of our model: first, our model implies that the bursts should be observed in narrow ranges of frequencies; and secondly, bursts should be more frequent for pulsars with intense radio emission. Consequently, it is very unlikely that the observer will receive self-trapped radiation from two frequency bands at the same time and, therefore, the proposed scenario naturally explains why strong enhancement of the radio emission is not accompanied by changes of radiation in other frequency bands.
